QUASI-PARTICLE FERMIONIC FORMULAS FOR 
(fc, 3)-ADMISSIBLE CONFIGURATIONS 

MIROSLAV JERKOVIC AND MIRKO PRIMC 

b 

^ ^ ' Abstract. We construct new monomial quasi-particle bases of Feigin-Stoya- 

novsky's type subspaces for afSne Lie algebra s((3, C) from which the known 
fermionic-type formulas for (fc, 3)-admissible configurations follow naturally. 
In the proof we use vertex operator algebra relations for standard modules 

C ^ ' and coefficients of intertwining operators. 
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1. Introduction 



Finding combinatorial bases of standard modules for afRne Lie algebras is a part 

of Lepowsky- Wilson's approach |LW| to study Rogers-Ramanujan type identities 

J5 ' by using representation theory. This approach lead J. Lepowsky and R.L. Wilson 

to discover vertex operator construction of fundamental sl{2, C)-modules and ever 

since vertex operators are important technical tool in a study of combinatorial bases 

and fermionic character formulas. Very important role in this study play principal 

^ ' subspaces of standard modules, let us mention only the works of B. Feigin and 

^D ! A.V. Stoyanovsky IFS] . G. Georgiev [G] and C. CaUnescu, S. Capparelli, J. Lep- 

O . owsky and A. Milas [CTl [C2l ICalLMll ICalLM2[ CalLMS; ICLMll ICLM2| which 

are related to this paper. In |AKS| fermionic characters are obtained for arbitrary 
highest-weight integrable sl(£ + 1, C)-modules. 

In this paper we are interested in Feigin-Stoyanovsky's type subspaces of stan- 
dard modules for afhne Lie algebras 5[(^ + 1, C) . These subspaces are in many ways 
parallel to principal subspaces, and by using methods developed by Capparelli, 
Lepowsky and Milas for principal subspaces, one can construct bases for Feigin- 
Stoyanovsky's type subspaces of all standard modules (cf. jBll IC1[ IC21 [JTI IP21 
ITll IT2j ) — in the case of s[(^ -I- 1,C) these combinatorial bases are closely related 
to {k,£ + l)-admissible configurations studied in |FJLMM1 IFJMMTli IFJMMT2J . 
But, in a sharp contrast with this general results, we know fermionic-type charac- 
ter formulas for higher level modules only for afSne Lie algebra g = s[(3,C) (cf. 
[FJMMTll IFJMMT21 [jTl lJ2l [J3]1. 

In order to understand better the combinatorics behind fermionic character for- 
mulas for Feigin-Stoyanovsky's type subspaces, in this paper we construct quasi- 
particle type bases, originally used in |FS) and [G] for principal subspaces. By 
following Georgiev's arguments we construct quasi-particle monomial bases of Feigin- 
Stoyanovsky's type subspaces for s[(3, C) and recover the known fermionic character 
formula. Our construction also shows why similar arguments cannot work for higher 
levels and higher ranks, say level two s[(4, C)-modules. 
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One of the main tools applied here is the vertex operator algebra construction 
of fundamental s[(^ + 1, C)~-modules (cf. [FKI [S] and also [DLl IFLM] ) and the use 
of intertwining operators arising from this construction. 

We now present a short overview of the main results. 

For a simple complex Lie algebra g of type A2 and a Cartan subalgebra f) of g 
introduce a Z-grading g = g_i + go + gi such that f) C go. Let g be the affine Lie 
algebra associated to g with the associated Z-grading. 

Choose a basis for gi given by root vectors x-y-^ and Xj^ , where for simple roots 
ai and a2 the roots 71 = ai + a2 and 72 — a^ represent the so-called set of colors. 

Define Feigin-Stoyanovsky's type subspace of a standard g-module i(A) by 

VK(A) = (7(gi)-z;A 

for gi = gi (Ki C[t,i^^] and wa being a highest weight vector in i(A). 

Define a quasi-particle Xn-fijn) of color 7 S {71,72}, charge n and degree m: 

Xn-tiiiTT-) ^ ^ x^, (m„) • • -a;^, (mi), 

77ii,...,m„eZ 
mi + --- + m„=m 

where by x{m) — x (E)t"^ for x € q and m G Z we denote the elements of g. 

Let Ao, Ai and A2 be the fundamental weights of g. One can show that for inte- 
gral dominant weights A = fcoAo-|-fciAi and A = fciAi-|-fc2A2 one can parameterize 
a basis ^w(A) • ^A for Vl^(A) by quasi-particle monomials 

■^^2,fa72 V^^2,6 J ' ' ■ '^n2,i72 V^^2,l j'^ni.a7i \^^l,a) ' ' ' *^ni 171 1.^^1,1 J 

with degrees ?ni^i, . . . , rrii^a and 7712.1, . . . , m,2,6 obeying certain initial and difference 
conditions, cf. definition (|4.8p and Theorem 14.81 

The spanning set argument for ^w{A) is shown by reducing the spanning set 
of Poincare-Birkhoff-Witt type by relations on the set of quasi-particle monomials, 
see Lemma WM Lemma [4.51 and Remark 14.61 

The proof of linear independence of ^w(A) is carried out by induction on the 
linear order on quasi-particle monomials, using certain coefficients of intertwining 
operators, as well as other operators obtained from the vertex operator algebra 
construction of fundamental g-modules. The other main ingredient in the proof 
of linear independence is a projection tt (mimicking the construction in [G]) dis- 
tributing the constituting quasi-particles of monomials among factors of the tensor 
product of [)— weight subspaces of fundamental g-modules, thus ensuring the com- 
patibility of the usage of above mentioned operators with the defining conditions 

of Q3vi/(A)- 

Finally, as a direct consequence of having obtained the quasi-particle bases 
^H'(A), one may straightforwardly write down fermionic-type character formulas 
for W{A), cf. Theorem O 

We also show these formulas are the same as the ones already obtained much less 
explicitly in [J3] by solving a system of recurrence relations for characters. This 
result justifies our belief that the quasi-particle approach to building combinatorial 
bases for W^(A) and to calculating the corresponding fermionic-type characters is 
worth studying. 
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2. Affine Lie algebra s[(^ + 1,C) 

2.1. Preliminaries. In this paper we are interested mainly in afSne Lie algebra 
sl(3, C), but it will be convenient to have a bit more general notation. 

For g — 5l{i + 1,C) let f) be its Cartan subalgebra, R the corresponding root 
system with fixed simple roots ai, . . . ,ai, and wi, . . . , cj^ the corresponding fun- 
damental weights of g. For later use we set ojq = 0. Denote by Q = Q{R) the 
root lattice and by P = P{R) the weight lattice of g, and by (•, •) the usually nor- 
malized Killing form identifying f) with ()*. We have the root space decomposition 
g — i) + J2aeR 0" ^^^d '^6 fix root vectors Xa- 

Let g be the associated affine Lie algebra 

g = g®C[t,t-^]®Cc®Cd, 

c denoting the canonical central element and d the degree operator, with Lie product 
given in the usual way (cf. [K]). For x £ g we write x{m) = a; (8) t™ for ?7i G Z and 
define the formal Laurent series x{z) = X]mGZ^("^')'^ ™^^ ™ indeterminate z. 

2.2. Standard modules. Denote by Ao,...,A£ the corresponding fundamental 
weights of g. For a given integral dominant weight A ~ koAo + ■ ■ ■ + k^Ai denote 
by L{A) the standard §- module with highest weight A, and by va a fixed highest 
weight vector of L(A). Let k = A(c) = fco -I- • • • -I- fc^ be the level of L{A). For a higher 
level standard module L(A) we will use the Kac theorem on complete reducibility 
to embed it in the corresponding tensor product of fundamental modules, 

L(A) c L(Af)^'=^ ® • • • ® L(Ai)®'=i ® i(Ao)®'=o, 

and we use a highest weight vector 

2.3. VOA construction for fundamental modules. We now recall the basic 
facts about the Frenkel-Kac vertex operator algebra construction [FKl [S] of level 
one 0-modules L{Ao), . . . , L{Ap), for our notation and details see [DLIIFLM] . 

Define Vp = Af(l) ® C[P], a module for () = () ® C[i,t-i] © Cc, with M(l) = 
U{{)) <8i(7(i,®c[t]eCc) C being the Fock space and <C[P] the group algebra of the weight 
lattice P with basis {e'*' | A S P}. 

Define also Vq — M{1) C[(5], with C[(5] being the group algebra of the root 
lattice. There is a natural structure of simple vertex operator algebra on Vq, with 
vertex operators which may be defined on Vp: 

(2.1) Y{l®e^,z)^E-{-X,z)E+{-\,z)®e^z^ex, A e P, 

where E^{\z) = exp ('x;„>i A(±to)^V and for X,fi e P let z^e^ = z^^'t^^e'', 
€\e^ = e{\,^)e^, where e is a certain 2-cocyle on P (cf [DLjIFLM] ). 

Using (j2.ip , one can extend the action of f) on Vp to the action of g by letting 
Xa ® t"^, a £ R, m £ Z, act as a corresponding coefficient of Y{1 (ED e", z) via 



(2.2) Xa{z) = y Xa{m)z-"'-^ = r(l ® e", z). 






This action then gives Vqb"' = L{Ai) with highest weight vectors ua; = 1 
1 = 0,... J, andVp = ®UoL{A,). 
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By using vertex operator formula (|2.ip it is easy to see that on fundamental 
g-modules we have relations 

Xaiz)xp{z) = if (a,/3) > 1. 

By using tensor product of k fundamental modules we obtain VOA relations for 
level k standard g-modules, see p.2p bellow. 
For a G R and \e P (PTTj) gives 

(2.3) Xa{z)e^ = e(a, A) z<"^-^>e^x„(z). 

By comparing coefficients we get 

Xa{m)e = e(a, A)e XQ,(m + (a, A)). 

3. Feigin-Stoyanovsky's type subspaces W{K) 

3.1. Definition. In this section we introduce the main object of interest, i.e., a 
certain vector subspace of given standard g-module L{K) with highest weight A = 
fcoA H + kiKi. 

For the fixed minuscule weight uj = uj^ we have q with Z-grading 

fl = 0-1+00 + 01= X! 0" + (f) + X! 0") + X! 0"- 

cj(q) — — 1 w(a)— C(;(q) — 1 

We then also have the associated Z-grading on g, 

= 0-1 + Oo + 01 = 0-1 ® C[t, t-^] + (go ® C[t, t-^] © Cc ® Cd) -f gi ® C[i, t"^]. 

Note that gi is a commutative subalgebra and a go-module. The set of roots 

r = {a e i? I uj{a) = 1} = {7i,72,...,7f | 7i = "i H (" "J 

we shall also call the set of colors . Note that (7i , 7j ) = 1 + % and that g i is spanned 
by elements of g of the form x^(n), 7 6 F, n G Z. Later on we shall call a;^(n) a 
particle of color 7, charge one and degree n. 

Definition 3.1. For a standard Q-module L(A) and a given "L-grading on g we 
define its Feigin-Stoyanovsky's type subspace W{K) as 

VF(A) = C/(gi) • VA. 

Poincare-BirkhofF-Witt theorem implies that W^(A) is spanned by the following 
set of particle monomials acting on highest weight vector Vf^: 

(3.1) {6-WA I h ^ . . . x^^{-2Y'x^^{-lY''~^ ■ ■ ■ x^^{-lY<\ a, eZ+, ie z+}. 

3.2. Bases in admissible configurations. By using VOA relations on level k 
standard g-modules 

(3.2) x/3i(z)---x/3j^_|_i(z) = 0, /3i,...,/3fc+i G F, 

p.ip can be reduced to combinatorial basis for VF(A) in monomial vectors given by 
action of so-called (fc, £ + l)-admissible monomials on va (cf. [FJLMMl IPII IP2)): 
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Definition 3.2. A sequence of non-negative integers {ai)°^Q with finitely many 
non-zero terms will be called a configuration. We call {ai)°^Q a (k,i -1-1) -admissible 
configuration (for A) if the so-called initial conditions 

ao < fco 

(3.3) ao + fli < /co + fci 

ao + ai H h «£-! < fco H h h-i, 

and difference conditions 

(3.4) Oi + • • ■ + Oi^i < k, i G Z+ 

are met. In this case a monomial b of form p.l|) , as well as the accompanying 
monomial vector b ■ va are said to be {k,£ + 1) -admissible. 

Theorem 3.3. Basis for W{A) is given by {k,£-\- l)-admissible monomial vectors. 



3.3. Initial conditions. We elaborate a bit further on initial conditions p.3|) for 
A. Using ()2.2|) it is not hard to calculate that 

(3.5) x^^{-l)vA^ = I Ce^'«A,. ^ 0, C e C>< if i> j 
and 

(3.6) 2:^,(-2)vA, = C'e^'VA^ ^ 0, C e C^ if i< j, 

which is a consequence of the fact that {pii,ujj) = if and only if i > j. Stated 
otherwise, for particle of color 7^ and charge one we may find the maximal degree 
cimax(7ji Aj) such that a;^i(dmax(7i7 Aj))wAj ^ 0: 

(3.7) d„,ax(7.,A,) = | -_\ I jj^; 

Using (|3.2p we get x^^ (— l)a;^i (— 1)uAj = for j' = 0, . . . , €, which taken together 
with dHU) give ...x^, {-ly^-^ ■■■x^, {-IT^vk ^ if and only if dSH) holds. 

4. QUASI-PARTICLE BASES OF W{K) FOR s[(3,C)~ 

In a sharp contrast with the above mentioned general construction of monomial 
bases for arbitrary H^(A), we know fermionic-type character formulas for higher 
level modules only for affine Lie algebra fl = s[(3, C)"^ (cf. jF.TMMTll IF.TMMT2I [JH 
|J2l[J3]). In fact, we have not been able to guess a correct formula even for the level 
two subspace W{2Aq) for § = s[(4, C). In this section we propose building new 
combinatorial bases of W{K) for s[(3, C) in so-called quasi-particles (cf. |FS[ IG]) 
from which the known fermionic-type formulas follow naturally. Our arguments are 
parallel to Georgiev's and, as in [G], they work only for certain classes of standard 
modules — in our case for A = fcoAp -I- fciAi or A = fciAi + k2h.2. We hope that this 
construction will give us a better insight of what kind of fermionic-type formulas 
for Feigin-Stoyanovsky's type subspaces we may or we may not expect in higher 
rank cases. 
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4.1. Definition of quasi-particles. For i = 1,2 define a quasi-particle of color 
7i, charge n and degree m by 

mi + -- + m,i=>" 

The corresponding generating function wih be denoted by 

Xn^,{z) = x^.(z)" = ^ x„^.(m)2;"™~". 

m6Z 



We assume n < k because VOA relation p.2[) implies that quasi-particles with 
charge n > k + 1 are zero on any standard level k module. 

4.2. Initial conditions for quasi-particles. For A = fcoAo + fciAi or fciAi + fc2A2 
set 

(4.1) dn,a.xinji,A) = -min{n, fco} - 2niax{n- fco,0}, 

rfmax("-72, A) = -min{n,A;o + ki} - 2max{n- (/sq + fci),0}. 

By using (|3.7p it is easy to see that m > dinax(?^7i, A) implies Xrfyii'm)vA — 0. 

4.3. Linear order among quasi-particles. Wc define the following linear order 
-< among quasi-particles: from the usual order on R we have 72 < 71, and then 
state that a;„2/32(TO2) -< XmfSiijni) if one of the following conditions holds; 

(1) /32 < /3i, 

(2) /32 =/3i, n2 <ni, 

(3) P2 = I3i, n2 = ni, 7712 < mi. 

Therefore, two quasi-particles are compared first by color, then by charge, and 
finally by degree. 

Next, extend the order -< to quasi-particle monomials. First, organize a quasi- 
particle monomial so that its commuting quasi-particles are written starting from 
right in a non-increasing manner. For two quasi-particle monomials then set 

if there exists io G N such that Ni = Mi for all i < io, and either Ni^ -< Mi^ or 
io = ni + 1 < n2. This linear order agrees with multiplication of quasi-particle 
monomials, i.e. for given quasi-particle monomial K the inequality N ^ M implies 
NK ^ MK. 

Definition 4.1. For a quasi-particle monomial 

we will say it is of color-charge type (712,6, • ■ • , '^■2.1; JT-La, • ■ • ,'T-i.i)- Also, as in [G] . 
it may be convenient to also use a notion of color- dual- charge type 

(M) „(2) Jk) (1) (2) (fe)^ 

I' 2 ' ' 2 7 ■ ■ • ? ' 2 I ' 1 ' ' 1 I ■ • ■ I ' 1 yj 

where r- > r-" > ■ ■ ■ > r^ and for i — 1,2 the number of quasi-particles of color 
7i and charge n equals r^ — r-" 
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4.4. Relations among quasi-particles. Here we establish relations among quasi- 
particles which will help us reduce to a basis the spanning set for VK(A) consisting 
of quasi-particle monomial vectors 

(4.2) a;„2,572(™2,b) • • ■ Xn2,ij2i'^2,l)Xni,a'rA^l,a) ■ ■ •a;r!i,i7i(mi^i)wA. 

Lemma 4.2. Let color ji, i e {1,2}, be fixed and n2 < ni. Then for N — 
0, . . . , 2^2 — 1 we have relations among generating functions of quasi-particles of 
the form 

/ d^ \ d^ 

(4-3) [-^Xn2'y,{z))Xmj,iz) ^ An {z)xi^„^+^^^{z) + Bn iz)-^x^„^+i)^^{z) 

for some formal series An{z) and Bn{z) with coefficients in the set of quasi-particle 
polynomials. 

Proof. Considering (|4.3p . it suffices to show that for every iV = 0, . . . , 2^2 — 1 each 
summand in the expansion of ■y-TrXn2'yi{z) contains either Xj.{z) or j-x^.{z), and 
use the fact that 

But, since Xn2'yi{z) = x^-{z)'^'^ , differentiating this product N times corresponds to 
distributing derivation signs among its n2 factors, which means that the highest 
possible N for which there would not exist a summand with each factor differenti- 
ated more than once is TV = 2n2 — 1. D 

Lemma 4.3. For differently colored quasi-particles Xn-i^-i{z) and Xnj-yj (z) such that 
ni + n2 > k -\- \ we have for N = Q^ . . . ,ni -\- n2 — k — 1 the following relations: 

( d^ \ 

(4.4) i dPv ^"272 {z)) ■ Xn,i, {z) = 0. 

Proof. Equality (|4.4[) is a consequence of relations (13. 2p . Similarly as in discussing 
(|4.3|) . it is easy to see that iV = ni + n2 — fc — 1 is the highest N for which each 
summand in the expansion of the left-hand side of (j4.4p has fc -I- 1 or more particles 
in product, because for this N the least plausible way of distributing the derivation 
signs among factors of x„2^2(z) leaves ^2 ~ ("-i + n2 ~ k — 1) — k -\r 1 ~ ni factors 
x.yr^{z) undifferentiated, which together with Xni^i{z) produces an equation of the 
form (ESI). D 



Lemma 4.4. Let color 7^, i e {1,2}, he fixed and n2 < ni. Let r = 2n2 — 1 and 

let mi and 777,2 be a pair of integers. Then any of r -\- 1 monomials in the set 

V = {a;„2,^,(r772)a;„i^; (777,1),..., x„2^, (7772 - r)xm^Xmi + r)} 
can he expressed in terms of monomials from the set 
(4.5) {xn2'y^ ('7^2 - j)a;„i7. {mi + j) \jeZ}\V 

and monomials which have as a factor quasi-particle of color 7^ and charge rii + 1. 
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Proof. By Lemma l4T2l for A^ = 0, . . . , r we have 2n2 relatfons 



"^2 -"2^^ ^.■„W-J2-n2-Ar . ^ 

N 

31& 



E ^V "' U«.7.(J2)Z-^— ^ • E ^n.7.(jl)--^'^-"^ 



where ~ nieans that the left-hand side can be expressed in terms of quasi-particle 
monomials greater with respect to order ^. So for fixed mi,m2 G Z we may write 
down a linear system of 2n2 = r + 1 equations in r + 1 "unknown" quadratic 
quasi-particle monomials 

a;n27,(?"2)a;„i^i(TOi ),..., x„2^^(to2 -r)a;„j-yi(TOi +r), 

which should be expressed in terms of higher quasi-particle monomials and other 
quasi-particle monomials from the set (j4.5p . In order for such an expression to 
uniquely exist, the described system must be regular, which is checked by showing 
its matrix (with p = — TO2 — ri2) 

fo m m •■• (T)\ 
va m m ••■ m/ 

is regular: starting from the second one, we subtract from each column of det Ap^r 
the previous one, and using (^tj) — (f,"i) = {D we easily get 

det Ap^r = det Apr-i = • ■ • = det Apo = 1- 

D 



In a similar way we prove the following lemma by using Lemma 14.31 

Lemma 4.5. For differently colored quasi-particles with charges niji and 71272 
such that ni + ^2 > fc + 1 set r = ni+n2 — k~l. Then for any pair of integers 
mi and m2 any of r + 1 monomials in the set 

V = {a;„272 ('"2 )a;„i^i(TOi ),..., a;„2^2(TO2 - r)xni^Jmi + r)} 

can be expressed in terms of monomials from the set 

{X„272 ("12 ~ J>r!i7i {mi + j) \jeZ}\V. 

Remark 4.6. We shall use Lemmas \4-4\ and \4-.5\ in reducing spanning set (|4.2p in 
two ways: 

(1) In the case when two quasi-particles have the same color "fi and the same 
charge ni = n2 — n, we express 2n quadratic quasi-particle monomials 

Xn-y, U - n)xnii {j -\-n),..., x„^, {j)xnfi (j),---, Xnj, [j + n - l)a;„^; {j -n + 1) or 

a^n7, (j - n)xn'yi (j " 1 + ")>•■• ; x^^. (j)x„^^ (j - 1), . . . , a;„^, {j + n- l)a;„^i {j - n) 

in terms of bigger quasi-particle monomials and monomials satisfying dif- 
ference 2n-condition: 

(4.6) Xn~ii{m2)xn~ii{mi) such that rrii < m2 — 2n. 
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(2) It may happen that quasi-particle monomial vector (|4.2|) contains as factors 
two quasi- particles of the same color 7^ and different charges n2 < ni, say 

x„2^i{m2)xmfiirni). 

By initial conditions there is ^2 such that 

a;„27i("T-2)wA 7^ implies m2 < ^2- 

However, the presence of quasi-particle a;„j^. (mi) allows us to use Lemma \4-4\ 
for the sequence 

Xn21,{d2)Xniji{mi - 2^2) , . . . , X„2^, (^2 -2^2 + l)Xniyi{mi - 1). 

Hence, by using order ^, we may assume that our quasi-particle monomial 
vector (|4.2p contains only factors 

(4.7) Xn2'yi{m2)xn^^.{mi) such that m2 < d2 — 2n2- 

In a similar way we also use Lemma \4.5\ 

4.5. Quasi-particle bases. Wc start by a definition of a set ^w{A)'- 

Definition 4.7. 

(4.8) 

^w{A) = |_J N 2;n2,(, 72(^2, b) •• -a^na. 172 ("T-a.Oa^ni, „7i(™i,a) •• -a:,!! 1^1 (mi^i) 

0<ni,a<---<ni,l<fcl 
0<n2.fa<---<n2,i<A: 

TOi j+1 < mij - 2ni J if nij+i = nij 
W2j+i < rn2,j — 2n2j if n2,j+i — n2j 
TOij < (imax(nij7i, A) - J2j'<j 2rMj 

TO2j < dmax(»T-2j72, A) - J2j'<j 2?l2j " J2j' maxjO, 77,2 j + Uij, - k} 

mi4,...,mi,a, m2,i,...,m2,6 6 Z and d^^^{nij-fi, A), dmax("-2,i72, A) as in (|4TT1) . 

Theorem 4.8. T/ie sei {& • ua | 6 e *Bvi/(a)} is a basis for W{A). 

Proof. First we prove that the spanning set for T/F(A) consisting of monomial vectors 

(4.9) bvA = 2^712, t72 ("^2,6) • • • a;„2,i72 {'m2.l)Xni,^-yi {mi^a) ■ ■ ■ a^ni.iTi (™14)"A 

can be reduced to a spanning set {6-wa | b ^ ^h'(A)}- Our argument follows closely 
[U] by using induction on order -<. The condition 

"lij+i < niij - 2n,;j if nij+i = n^j 

for 6 G ^w(A) is simply the difference 2n-condition (j4.6p . and if monomial vector 
does not satisfy it, we may express it as linear combination of bigger monomial 
vectors and, by induction, we may omit it from our spanning set. 

As we have seen, monomial vector (J4.9I) is zero if the initial condition 

mij < d,„ax(?ljj7j: A) 

is not satisfied. If 

6uA = ■ ■ ■a;„i_27i(mi_2)a;rii,i7i(^"i,i)«A, 
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then, by (|4.7|) in the second part of Reniark l4.61 we may omit bvA f^rom the spanning 
set if the condition 

"ll,2 < rfmax(?^l,27l7 A) - 2ni^2 

is not satisfied. By using the induction on -< we see that we may omit 6f a from 
the spanning set if the condition 

3 

mi,j < dmax("ij7i; A) - ^ 2nij 

is not satisfied. The term — ^ -, max{0, n2j + niji ~ k} in the condition 

m2,j < dnia.x{n2,jj2, A) - ^ 2n2,j - ^ max{0, n2,j + nij' - k} 

j'<3 i' 

appears as a consequence of Lemma 14.51 

What remains to prove is hnear independence of the spanning set ^w(A)''^a- D 



5. A PROOF OF LINEAR INDEPENDENCE 

5.1. Intertwining operators. Here we introduce operators which we use in our 
proof of linear independence of quasi-particle bases. First, introduce operators 

where c is bi-multiphcative, ahernating commutator map corresponding to e. Op- 
erators y{-, z) are level one Dong-Lepowsky intertwining operators |DL) . Note that 
ioT fj, E Q we have 3^(1 (g) e^, z) — Y{1 (g) e^, z). Let A.; — uJi — uji-i ior i = 1, . . . ,i. 
By using Jacobi identity for operators Y{1 (g) e"^ , z) for 7 e F and 3^(1 ® e^' , z) (cf. 
formula 12.8 of [DLj ). we see that operators 3^(1 (8) e'*'' , z) commute with the action 
of 0i: 

(5.1) [Y{l®e^,zi),y{li»e^%Z2)] =0. 

We define the following coefficients of intertwining operators (cf. jP2] ): 

(5.2) \i]=Resz-^-''^"'^'-^^y{l(Se^\z), i^ !,...,£. 

5.2. Operators e^^. Since (Ai,7j) — 6ij for i,j = 1,2, commutation formula (|2.3p 
implies 

(5.3) x.y^{z)e^^ =e(7j-,A,)z'^'^e^'x^^.(z). 
By comparing coefficients we have 

(5.4) Xj.{m)e^' = e{jj,Xi)e^'Xj^{m + S^j). 

In particular, for i j^ j operators x^- {m) and e^^ commute up to a scalar e(7j, Xi). 
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5.3. Georgiev's projection. For fundamental module L{Aj), j e {0,1,2}, we 
denote the f)-weiglit subspaces as 

L{Aj)s,r — -^(Aj)s72+r7i- 

As in [G , a tensor product of k fundamental modules i(AjJ, . . . , L{Aj^) we shall 
write as 

For A = fcoAo + fciAi we consider 

L{A) cL(Ai)®'=i(8)L(Ao)®'=°, 
and for A — fciAi + fc2A2 we consider 

L{A) c L(Ai)®'=i ® L(A2)®*=^ 
For such A's and a given color-dual-charge type 

/„(1) Jk) (1) (fc)^ 

V'2 )---i'2 ''l J---i'l / 

we define a projection n = n, (i) (t), from the tensor product of k fundamental 
modules to the subspace 

Li^jk )^(i) ^C") ® • • • ® i(Aji ) (k) (1) . 

'2 >'l '2 >'l 

Since x^(z)^ = on every fundamental module, in the projection of a formal 
generating function of quasi-particle monomial vectors 



^ \'^n2,fe72 V^2,tiJ ' ' ' ■^712,172 V^2,l J'^ni a7l V^l^a/ ' ' ' ^^^1,171 V^l,ly^AJ 

of the given color-dual-charge type (rj , . . . , rj ; r^ , . . . , rj^ ) verte 
Xni i7i('Zi,i) = 3^71 (-21. i)"^'^ Spreads over ni^i rightmost tensor factors: 



1 (8> • • • ® 1 <8> x^i (^:i,i) ® • • • ® x^i (21,1). 

Similarly, vertex operator x„^ 271 (-^1,2) = 2^71(21,2)"^'^ spreads over 121^2 < "-1,1 
rightmost tensor factors: 

1 (8> • • • ® 1 (8) X71 (21,2) ® • • • ® X71 (2:1^2), 
and so on. Therefore, on the rightmost tensor factor we have all color 71 operators 

on the second right color 71 operators with charge at least two, and so on. 

On the other hand, in the projection of a formal generating function of quasi- 
particle monomial vectors vertex operator a^na, 172 (-2^2,1) spreads over 712,1 leftmost 
tensor factors: 

2:72 (-22,1) €5 • • • ® 2:72(2:2,1) (8) 1 • • • (X) 1, 

and so on. Therefore, on the leftmost tensor factor we have all color 72 operators 

X72 {z2,b) ... 2:72 iz2s)vA,^ (E) ..., 

on the second left color 72 operators with charge at least two, and so on. 
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5.4. A proof of linear independence. For b E Svi/(A) , 

b = a;„2^^2(m2^6) • • • a;n2,i72("^2,i)a;„i,„7i(mi,a) • • ' a;ni,i7i("ii,i), 
presume that b ■ va — 0, and consequently 

(5.5) 7r-6-WA = 0. 

Act on jES]) with [l]„i 1 = i®(fe-«i.i) (g, [1] (^ i®(ni,i-i) and use the fact jEI]) that 
[1] commutes with all x-y(m) to shift [1] all the way along the part of b projected on 
Till— th coordinate (from right) towards the corresponding highest weight vector. 
Definition ()5.2p implies 

[l]t;A, ^Ce^'vA^ 

for some C G C^. Now shift e^^ all the way to the left using commutation relation 

x^^{z)e^^ = e(7i, Ai)ze^'a;-y^(z). 

After dropping out the invertible operator e"^^ , we finally get the altered expression 
with degrees of all quasi-particles of charge ni.i and color 71 increased by one. 
Note that this calculation does not change degrees of quasi-particles of color 71 
and smaller charge, because none of its particle constituents gets projected to the 
coordinate of interest, or any of the quasi-particles of color 72, because commuting 
with c^i does not change the degrees of particles of color 72. 

By repeating this procedure the original degree mi_i will be shifted to its maximal 
possible value: 

(5.6) TT -b' ■ Xnii^i (dmax(".l,l7l: A))«A = 

with 5' ^ Xn2^h'r2i'^2,b) ' ■ ' Xn2.i'r2i''^'2,i)'Xni,a-ni'^i,a) ■ ■ •2^ni,27i("^i,2) of Same color- 
charge type as 5, except for not having ni.i. Let ni ., = ni^i for all j = 2, . . . , j'l, 
for some ji = 1, . . . , a, and note that ji = 1 means that all of quasi-particles of b' 
of color 7i have charge strictly smaller than ni^i. We may write down the degrees 
of quasi-particles in b' in terms of the degrees of corresponding quasi-particles in b: 

mij + (dmax("-i,i7i7A) -mi_i), j = 2,..., ji, 
mij, j =ji + l,...,a, 

'^2,j = "^2,^, j = l,...,b. 

The fact that b' belongs to ^^(A) is easily proved by checking that the degrees of 
its constituting quasi-particles satisfy the defining inequalities of ()4.8p . 
Now using formulas 

a:^7«ax(7, A))wA = Ce^WA, C G C" , 7 G T, A = Aq, Ai, A2 

Sft im)e^^ = Ce^^xp^ (m + (/3„ /3j)), C G C^ /3„ /3j G T, 

coming out from (|2.2p . (|5.6p leads to 

(5.7) TT ■ b' -Xni i(dmax("l,l7liA))wA = 

= C-7:-b'- {1U,,VA - C ■ (l)„,_,7r . 6" . ^;A - 
for some C G C^, with (l)„i_, = i®(fc-«i.i) ^ (e7i)®ni,i ^nd 

b = 2;„2,i,72 (,'^2,fc) ' ' ■ ■''"2,172 (,"^2,1) ' '^ni,a7l ("^l,a) ' ' ' •^"1,271 ("^1,2J 



such that 




(5.8) 




-i'. = { 


"^1 J + 2"! J = wi J + 2ni J, j = ji + 1, . . . , a 


m" J 


m'2j + n2,i + JT-i,! - k = m2,j + n2j + ni^i - fc, j = 1, 


™2j - 1 


"^2j = "^2j, j = J2 + l,---,& 
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,Jl 



■,.?2 

where J2 = 0, . . . , 6 is such that n2j + n.1.1 > k for aU 7 = 1, . . . , j'2, with J2 = 
meaning that this inequahty does not hold for any quasi-particles of color 72 . 

By checking defining inequalities of (|4.8p we show that b" G ^w{A)- first two 
inequalities are obvious since the described calculation treats all quasi-particles of 
same color and charge in the same way, hence the relative differences in degrees 
between neighboring quasi-particles of same charge and color are kept the same. 
Furthermore, for Jn" ,-, j — 1, . . . , ji, the third inequality after introducing (jS.Sp and 
taking into account nij — nij^i = ■ ■ ■ = mi becomes mij < ttt-i.i — J2j'<j 2«j',i, 
i.e. exactly the second inequality for b applied successively j — 1 times. For j = 
ji + 1, . . . , a, the third inequality leads directly to third inequality for b. The fourth 
inequality is checked directly and simultaneously for all j = 1, . . • , b, let rn'j 2 be 
written uniquely as m'.^ = rn2,j + max{0, 7i2j + Jt-li ~ k}. This proves that b" is 
again an element of '^w{A)- 

We now proceed with (15. 7|) . which after dropping out {l)ni 1 becomes 

(5.9) TT-b" ■VA = 0. 

If we now apply above described procedure to ()5.9p . always proving that quasi- 
particle monomial appearing during various steps is again in ^w{A) 1 after finitely 
many steps we arrive to the obviously false conclusion that v\ = 0, which via 
contradiction proves b ■ v\ ^ ior all b e ^^^(a) . 
If we now start with a general linear combination 

(5.10) ^Cb-b- VA^O 

b 

and apply the above arguments to the smallest element femin of (|5.10p . then all the 
other monomials of ()5.10|) get annihilated at some step of the procedure described. 
We are therefore led to Ct^^^ ■ 6min • wa = 0, which then because of ^min • va ^ 
implies Cfc^^j^^ ~ 0. Repeating this procedure after finitely many steps proves that 
all coefficients of (|5.10p are zero, thus showing the linear independence of ^w{A)- 

Remark 5.1. As we have already said, our construction is parallel to Georgiev's 
construction in [G] of quasi-particle bases of principal subspaces of standard modules 
for sl{£+l,C). However, a major difference between the two is a nature of relations 
(j4.4p . Roughly speaking, in our case different quasi-particles of small charge do not 
interact. For this reason we have to choose Georgiev's projection in such a way 
that generating functions x„-yj (z) for quasi-particles of color 71 spread over n tensor 
factors from the right, and generating functions Xn^^ (z) for quasi-particles of color 
72 spread over n tensor factors from the left. Such a trick is not possible in higher 
ranks, as easily seen on example of level 2 /or s[(4,C); we have generating functions 
Xn-yiiz) for quasi-particles, i = 1,2,3 and n — 1,2. Gharge one quasi-particles 
x~f^{z) and x^-[z) do not interact for i ^ j, so for "our proof" we would need a 
Georgiev's projection which could place each charge one quasi-particle (altogether 
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3) on separate tensor factor (altogether 2). Of course, the fact that Georgiev's proof 
"does not work" for s((4, C) level 2 does not necessarily mean that there is no 
fermionic formula of a corresponding form. 

6. Character formulas for W{A) 

6.1. Character formulas. In this section we define formal character x(W{A)) for 
VK(A) and use the quasi-particle basis ^w{A} given by (|4.8p to directly calculate 
the ferniionic-type character formula. 

Definition 6.1. For given quasi-particle monomial 

(6.1) b = a;„2^^2(TO2,6) ■ • ■ a:^r^2,l72('7^2,l)^nl,a7l("^l,a) • ■ ■a;„i_i7i(mi,i) 
in Svi/(A) define charge c{b) and degree d{b) by 

c(b) = 71 

Note that d{b) is defined with minus signs in order to be positive. 
Define now the formal character x{W{h)) for W{h) by 

(6.2) x(W'(A))(zi,z2;g)- E Al''''{<lK'4\ 

ni.n2>0 

where A^''^^ (q) encodes the number of basis elements in component ofW{A) spanned 
by quasi-particle of charge niji + 71272. 



a b 


d(6)- 


a 


b 
- ) ] "^2 J 


J=l i=i 




j=i 


i=i 



k 



For fixed ni,n2 > and non-negative integers Alij such that X^i^i -^' 



j=i ^"«,j 



n,. 



i = 1,2, j = 1, . . . ,k, we look at all b in ^w(A) given by (|6.1[) of charge c(6) = 
ni7i + ?i272 and having Mij quasi-particle constituents with charge j and color 7^. 
From the way ^w(A) is given in (|4.8p we have 

(6-3) ^r^"'(9)= E 2 "^ fc "' . 

where &Mi j is the so-called minimal monomial in ^w{A) j characterized by having 
smallest possible degree of all basis elements given the above constraints. Therefore, 
thanking the fact that character merely reflects the way ^w(A) is presented in (|4.8I) . 
the task of finding the character formula reduces to relatively simple calculation of 
the degree of minimal monomial. 
We will write 

fe Af2,fc-3 + l k Nij 

i = l S2,i=JV2,fc-3+l J = lsi,j=A'l,i + l + l 

where for j — 1, . . . ,k the following partial sums are given: 
(6.4) iVij = Mij + ■■■ + Afi,fe, iVi,fe+i = 

N2^j = M2,k-j + l + ■■■+ M2M: N2fi = 0. 
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Now, using first and third inequality of ()4.8p we calculate for fixed j — 1, . . . ,k: 
m5^^"^ ^.^^+1 = d„ax(i7i, A) -J22j^ rfmax(j7i, A) - 2j(Mi,,+i + • • • + M^^k) 
mT:i, = "^Mr.-i - 2j = • • • = mT,^^,.,^,+, ~ 2]{s,^, - iVi,,+i - 1) 

for sij- > iVi j+i + 1, and therefore 

(6.5) 

= 2j(l + • ■ • + Mi,j - 1) - Mij(dmax(j7i, A) - 2j(i\/i,j+i + • ■ • + Mi.k)) = 
= jMlj + 2] ■ Afij ■ (Afij+i + ■ • • + Mi,fe) + max{0, J - k^} ■ Afij. 

Similarly, second and fourth inequality of (|4.8p give 

"l"w.,._,+l - rfmax(j72, A) - 2j(Af2,, + l + • ■ • + A/a.fe)- 

- (max{0, j + 1 - fc} • Afi,i H h max{0, j} ■ Mi^k) = 

= rfmax(J72, A) - 2j(Af2j + l + • ■ • + A/2,fe)- 

-{Mi^k-j+i + ---+jMi,k) 

„T.max max 9 ■ max O^Vc. /\r ^ 

^2,S2,j - ^2,S2j~l - 2j - ■■■ - m2^jV2,fc_j + i + l - 2j(S2,j - N2,k-j) 

for S2j > N2M-J + 1, so 

A^2,fc-j + l ^2,k-j + l 

(6.6) d( n ^.7.("^"tL))=- E "^?^L = 

S2,j=A''2,fc-j+l S2,j=JV2,fc_j+l 

= 2j(l + ■ • ■ + Af2j - 1) - A//2,j(d„iax(J72, A) - 2j(Af2j+i + ■ • ■ + Afa.fe))- 
-(A^i,fc_j+i + ---+jAfi,fe) = 

= jAf|_j + Af2 J • (2JA/2 j+i + • ■ • + 2jAf2,fc + Mi^k-j+i + ■■■+ iMi,k)+ 
+ max{0, j - (fco + A:i)} • A/2j. 
Introduce now 2fc x 2fc matrix A defined by 

(6.7) QC^-) ' 







■^^ 



where A^^^ = (min{i, j})fj^i, i?^''-' = (max{0, i + j - fc})fj=i, and 
(6.8) Lf := (0, . . . , 0, 1, 2, . . . , fc - fco, 0, . . . , 0, 1, . . . , k^). 

ka fco + fei 

Then for M := *(Afi,i, . . . , Afi,fe, Af2,i, . . ■ , Af2,fe) and using (p3|) and (g^ it easy 
to check that we have 

dihu^.) = *M • QC') • M + L^"'' ■ M, 

so from (|6.2p and (|6.3p we now have the following result: 



Theorem 6.2. For A — /coAq + fciAi or A = fciAi + A:2A2 heing the highest weight 
of standard sl{3, C) -module L{A), the following fermionic-type formula holds for the 
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formal character xiW (A)) of Feigin-Stoyanovsky's type subspace W{A) of L{A): 

*m-q<'''-m+lJ^'''-m 



(6.9) x{W{Aj}{z,,z,;q)^ ^ J^ 



'2 I 



ll,n2>0 E*^i3"l,j="l lli = l lli=l(9)M,,J■ 
withQ^^^ given by ^1}, L^*"' fty ^;SI, and M = *(Mi,i, . . . , Mi^^, M2,i, . . . , Mz.fe) 



Example 6.3. 1/Fe present fermionic-type formulas of Theorem \6.2\ in the case of 
Feigin-Stoyanovsky's type subspaces W{A) of standard level two 5l{3,C) — modules. 
Note that the Theorem does not provide us with formula in the case of A = Aq + A2 , 
while for all other cases the formulas are obtained. First, we get 



/I 1 1\ 

^(2)_ 12 12 
^ 11 

\ 1 2 y 

so the quadratic term reads 

Q = Ml^ + 2Ml^ + M^^ + 2A/I2 + 

+ 2MiiAfi2 + AfllAf22 + Afi2Af21 + 2A/i2Af22 + 2A/2lAf22- 

The linear terms L\ — ifco,fci.fc2 for A — k^Ao + fciAi + fc2A2 have the following 
values: 

-^2,0,0 = 

-^14,0 = -^^12 

Lo,2,o — Mil + 2Afi2 

io,l,l = A^ll + 2Afl2 + Af22 

io,0,2 = Mil + 2A/i2 + Af21 + 2Af22. 

Finally, we get 



x{W{A)){zi,z,-q)= J2 E 



„Q+La 



ni,n2>0 Afii+2Mi2 = "l 
M2i+2M22 = "2 



i<l)Mll {q)Ml2 {<1)m21 {(1)m22 



6.2. Comparison with existing results. From (|6.4p we get Mij = TVi .,— A^ij+i, 

M2,k-j+i — A^2j — N2J-1, j = 1, . . . ,k, which introduced in (|6.9p easily give 



*N-(5'<'°'-N+L'<^'°'-N 



(6.10) x{W{A)){zi,z2;q) = 

ni,"2>0 E*^=iNi,,=„i Ilj=li9)Ni,j-Ni.j + iYlj=i{q)N2.j-N2.j^i 

«l,l>->«l,fc>0 

E*^=l«2,.="2 
N2,fc>->«2,1>0 

where Q'^''^ = 'E^*^) • QC') • i?('=) for 



^2 ' 
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CW = (cg)t,^i,I?W = (i^g)t,=i, 




1, j ^ k-i + 1 

-1, J = fc-i 
0, otherwise 



^S = <; -i,j = k-t 



and L'f - i?^^-) . Li'\ N = *(iVi,i, . . . , TVi,,., iVaa, . . . , A^2,fc). 

It is not hard to see that formulas (|6.10l) exactly match the corresponding ones 
obtained in Theorem 3.11 in 03]. This basically suggests that, although it was the 
combinatorial bases parameterized by (A;, 3)— admissible configurations that were 
used in obtaining recurrence relations for characters and character formulas, the 
underlying logic of the formulas themselves was that of quasi-particles. 

Remark 6.4. We can also write character formulas in terms of summation over all 
color- dual- charge types, as it was originally written in jG] for fermionic characters 
of principal subspaces: 



(6.11) 

x(M^(fcoAo + fciAi))(zi,z2;g)= ^ 



q' 



(I)-' ( I (fc) 

■{ +...+r[ 



r\^>>...>r['''>Q 1 1 1 1 1 






r^^^>...>rr'>0 "^2 '-2 '-2 "^2 ''2 



x(VF(fciAi + fc2A2))(zi,2;2;g)= X! 



(1)-^ , , (fc) 
rj +...+rj 



rl"'>...>ri'''>0 ■! '1 



(9),.(i)_r(2) ■••('7)r('=-i)_r('=)('7) 

E 



rW>...>r('='>C 



(i)%...+^('=)%4i)^('=)+...+^('=)^(i)+^(i)+...+^('=)+^('= + i-'=2)+...+^('«) 

(9)r(i)_^(2) • ■ • ('7)„('=-i)_„(fc) (9)„(fc) 



/or ri = r!f + ■ • ■ + r^ and r2 = Tj + • ■ • + Tj • Although here we used notation 
introduced in Definition \-i.l\ in order to he compatible with fG] , note that taking 

rl = Nij and rj = N2.k-j+i for j = 1, . . . ,k, turns formulas (16. lip into (|6.10p . 
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